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Abstract. We extend the recent results concerning boundcdness of the maximal regular- 
ity operator on tent spaces. This leads us to develop a singular integral operator theory on 
tent spaces. Such operators have operator- valued kernels. A seemingly appropriate con- 
dition on the kernel is time-space decay measured by off-diagonal estimates with various 
exponents. 

1. Introduction 

Let — L be a densely defined closed linear operator acting on L 2 (W l ) and generating a 
bounded analytic semigroup (e~ tL )t>o- Consider the maximal regularity operator originally 
denned for / g L 2 (R+, dt; D(L)), R+ = (0,+oo), by the Bochner integral 

t 

(1.1) M L f(t)= [ Le-^ L f(s)ds. 



o 

This is an example of a singular integral operator with operator-valued kernel. The bounded 
extension of this operator to L 2 (R+, dt; L 2 (M")) = L 2 (R^ +1 , dtdx), M™ +1 = M+ x E™, was 
established by de Simon in [26) . The maximal regularity operator plays a crucial role in 
evolution equations, where its boundcdness is used to deduce a priori estimates, which, in 
turn, can be used to solve non- autonomous and/or non linear problems (see the lecture notes 
[2"Tj). It has thus been the source of intense study, especially in the past 10 years, in L p , 
and in Besov spaces. As part of the recent development of an evolution equation approach to 
boundary value problems on the upper half-space with data in L 2 (M. n ), based on the functional 
calculus of appropriate Dirac operators, a weighted version of de Simon's theorem is proven 
in [3] and [4] Theorem 1.3], but can be essentially attributed to the earlier work [15] (see 
below). 

Theorem 1.1. With L as above, A4l extends to a bounded operator on L 2 (R" +1 ,t& dtdx) for 
all ft g (—oo, 1). 

This was proven before in [25] for ft g [0, 1) and a more general class of operators akin to 
the ones we introduce next, and then for ft g (—1, 1) in [T5] Theorem 1.13] when L has dense 
range. The range of ft is shown in [3] to be optimal. Values such as ft = — 1 and also an 
endpoint result for ft = 1 were central for applications to the boundary value problems in [3] . 
It should be noted, however, that while the statement of [T5J Theorem 1.13] does not include 
the case ft = —1, its proof via their Proposition 1.14 actually gives Theorem ll.il 

The articles [15] and [25] actually prove weighted LP estimates for 1 < p < oo and show that 
weighted maximal regularity is equivalent to the unweighted one. However, the LP analogue of 
Theorem 11.11 needed in the applications we have in mind does not involve weighted L P (R™ +1 ) 
spaces for p ^ 2, but more appropriate spaces of functions on the upper half space R™ +1 . Let 
us explain this fact. 

Traditionally, an evolution problem of the form u t + Lu = g, with initial value uq = 
f g L p (M. n ), is seen as an ordinary differential equation for L p (R™)-valued functions. One 
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assumes that — L generates an analytic semigroup on L P (R"), and looks for maximal regularity 
in spaces such as L P (R+; L p (M. n )). However, if L = — divAV is a second order, divergence 
form elliptic operator on R™ with bounded measurable complex valued coefficients, — L only 
generates an analytic semigroup on L p (R n ) for p in an interval (p-(L),p + (L)) including 2, but 
not always equal to (l,oo) (see [I]). In this range, maximal regularity results can be proven 
using the extrapolation method pioneered by Blunck and Kunstmann in |12j . and developed 
in pp. Outside of that range, however, maximal regularity in L P (R" +1 ) spaces, weighted or 
not, cannot hold. In this paper, we prove maximal regularity results on the (unweighted) tent 
space T p ' 2 - 2 for all p g (sTTj°°] ( see Proposition 11.61 below), even though, for small p, —L 
does not even generate a Co-semigroup on L P (R"). 

Moreover, even when L = —A, the free evolution (t, y) H> e tA f(y) does not belong to 
L P (R™ +1 ) when / e L p (R n ). This can be compensated by assuming more regularity on /, 
or by using a weighted L P (R™ +1 ) space with an appropriate weight. However, when dealing 
with L p initial data (in boundary value problems, or evolution problems with rough data, for 
instance), it is desirable to use a norm of the heat extension (t, y) H> e tA f(y) that is equivalent 
to the L p norm of / for p E (l,oo), and to its H p norm for p £ (0, 1]. Weighted LP(R![ +1 ) 
norms do not have this property, but classical harmonic analysis gives many different norms 
that do. 

The one which is of interest to us is given by the following area integral: 
11/11,= (/( JJ 1 ^ A ^\Ae^m\h d tdyf dx f. 

K" R™ +1 

Such a characterisation of the L p (or H p ) norm of a function in terms of its heat extension 
originates from the work of Fcffcrman- Stein [14] . In more recent terminology, this says that 
Ae tA f belongs to a parabolic version of one of the tent spaces introduced by Coifman- Meyer- 
Stein ng. 

Now, if one considers the "mild solution" u of Ut — Am = g and uq = 0, given formally by 
t 

the integral formula J e( t ~ s * >A g(s) ds : one is led to consider the boundedness of the maximal 
o 

regularity operator M-\ in the norm above. Having such a priori estimates in the same space 
as the free evolution (t,y) i— > e tA f(y) is a first step towards solving, for example, non-linear 
problems with L p data. Remark that this solution space has, a priori, nothing to do with 
the space of continuous functions of t with values in L p . We thus depart from the tradition 
of looking at evolution problems for functions on R™ +1 as Banach space valued ODE, and 
work on spaces where the time and space variables are intrinsically linked. We refer to 
and the forthcoming [5], for more on the PDE aspect of such questions via a tent space 
approach. We just mention here that this idea goes back (at least) to Koch-Tataru's work on 
Navier-Stokes equations |20j . 

We introduce the alluded variants of the tent spaces as follows. For 0<p<oo,m€N*, 
(3 e R, define the tent space T p - 2 ' m (t> 3 dtdy) as the space of all locally square intcgrable 
functions on R™ +1 such that 

(r r r 1 — (?/) — \ p 

/( // B{X 'l^ ) — \g(t,y)\ 2 t p dtdyY dx) < oo. 

The classical case is (3 = — 1, m = 1, in which case, the space is simply denoted by T p ' 2 . Since 
\\g\\ T p.2-™(t*dtdy) = II.9||tp.2, where g{s,y) = ^/mg(s m ,y)s a ,T p > 2 < m (tPdtdy) is isometric to 
T p ' 2 . However, the parameter m is needed to handle different homogeneities (corresponding to 
differential operators of different orders), and the parameter (3 is used to handle different appli- 
cations (e.g. different degree of smoothness for initial data in evolution problems). We also re- 
mark that a simple use of Fubini's theorem shows that \\g\\^2,2. m{t p dtdy) = b n \\g\\ 2 M „ +1 tf<dtdy y 

whatever the parameter m is, with b n being the volume of the Euclidean unit ball. Therefore, 
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for p = 2, tent spaces agree with weighted L 2 spaces. But it is easy to show that it is not 
true when p =/= 2. 

The nature of the norm (a quasi-norm when p < 1), makes local square integrability 
a requirement. As already showed in [7] (and subsequently in [19]) for different types of 
operators, a pertinent notion for boundedness of the maximal regularity operator on tent 
spaces is a measure of decay of the semigroup called (L 2 — L 2 ) off-diagonal estimates. 

Definition 1.2. A family of bounded linear operators (T t ) t >o C B(L 2 (M. n )) is said to satisfy 
off-diagonal estimates of order M, with homogeneity m <G N* , if, for all Borel sets E, F C R n , 
all t > 0, and all / G L 2 (R n ): 

l| lFTtWll3 <( 1 + f^^)-"ll W ll, 

Here, and in what follows, || • || 2 denotes the norm in L 2 (M"). 

This property is a replacement for pointwise kernel estimates, which is satisfied, for in- 
stance, by heat semigroups generated by elliptic operators with rough coefficients. Note that 
we allow a polynomial decay. 

With the definition above, the following result was proved in [5]. 

Theorem 1.3. Let m G N* , (3 G (-oo, 1), p G ( „ +T „ 2 ("_j3) ' °°) n an d T = min(p,2). 

If (tLe~ tL ) t >o satisfies off-diagonal estimates of order M > — , with homogeneity m, then 
Ml extends to a bounded operator on T p ' 2,m (t^dtdy). 

The surprise is to obtain results for p < 2. This is particularly true in applications to 
stochastic parabolic PDEs. Results in this context have been developed in parallel to this 
article in |10j . which contains lighter versions of some of the material presented here. In the 
present paper we concentrate more on the abstract theory, and try to weaken assumptions as 
much as possible. This is important even for maximal regularity operators, see Section [5j 

An end-point result, for p = oo, was also obtained in [8]. In this context, the appropriate 
tent space consists of functions such that \g(t,y)\ 2 ^j^ IS a Carleson measure, and is defined 
as the space of all locally square integrablc functions such that 

r 

NIt~.= = sup r~ n I [\g(t,y)\ 2 ^ < oo. 



t 

The weighted version (defined through a change of variable as above) is given by 



(i,r)£l"xK + 

B(x.r) 



hWU^^dtdy) := sup r~ n / \g(t,y)\H» dtdy. 

(i,r)£l"xR+ J J 

B(x,r) 

Theorem 1.4. Let m G N* and f3 G (— oo,l). If (tLe~ tL )t>o satisfies off-diagonal esti- 
mates of order M > y~, with homogeneity m, then M.^ extends to a bounded operator on 
T°°' 2 ' m (t^dtdy). 



Note that the backward maximal regularity operator 

oo 

Mlf(t) = I Le-^ L f(s)ds 7 



can be studied on tent spaces, either by duality as M.f = (Ml*)* , or directly. 

Here, we continue the development of such tent space boundedness results, and we obtain 
three-fold improvements. The main statements are in the core of the article. We give here 
our motivation and extract sample new results as illustrations. 

The first observation is that the conclusion of Theorem 11.31 is far from optimal in con- 
crete situations. For instance, for —A (heat semigroup), and its square root y/—A (Poisson 
semigroup), or even —A + V with V £ Lj oc (R n ), V > 0, and its square root, or — div AS7 a 
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second order divergence form elliptic operator on R™ with bounded, measurable, rea/-valucd 
coefficients, and its square root, the range of p can be much improved. 

Proposition 1.5. (1) A4-a+v ond M-^wAV (with real-valued coefficient matrix A) 
extend to bounded operators on T p,2 ' 2 (dtdy) when < p < oo. 
(2) M.^ _^ +v and A4^ _ div Av (with real-valued coefficient matrix A) extend to bounded 
operators on TP' 2 ' 1 (t^ 1 dtdy) when -^-^ < p < oo. 

The range of p is a consequence of the pointwise decay of the corresponding heat kernels. 
However, not all semigroups obey pointwise decay. In that case, one can use intermediate 
conditions between pointwise decay and L 2 — L 2 off-diagonal estimates such as L q — L r off- 
diagonal estimates with q < r and q = 2 or r = 2 (see Definition I2.4[) . This information 
can then be used to quantify the range of p for tent space boundedness. This is the case for 
— div AV with complex- valued coefficients. Here, the decay is Gaussian but the range of q or 
r may be limited as dimension increases. 

Proposition 1.6. For a complex-valued coefficient matrix A, .M_divAV extends to a bounded 

operator on T p,2 ' 2 (dtdy) when i < p < oo if n = 1, | < p < oo if n = 2, | — e < p < oo if 

n = 3, and 2 — — — e < p < oo if n > 4. The e > depends on the operator but the lower 

bound is at least — tt. 

n+l 

These two propositions (see Section 5 for their proofs) follow from general statements 
(proved in Sections 3 and 4) in which one requires a lower bound on the polynomial decay 
exponent M of Definition 12.41 Note that this lower bound increases with dimension. As the 
decay here is exponential, the exponent M can be as large as one wants, and the results apply. 

We now consider the case of polynomial decay. This is our second point. In this case, the 
value of M is to be compared with the lower bound in our statements for applicability. For 
example, one has M = 1 in the L 2 — L 2 off-diagonal estimates with homogeneity m = 1 for 
V— div AX7 (even for \J— A). Theorem 11.31 requires M > n/r. but one can take advantage 
of the fact that the exponent M in the L q — L 2 off-diagonal estimates grows linearly in 1 jq 
(see Proposition 15 . 3[) . However, the range of q may be limited as well, which is the case 
for —div AS/ operators with complex- valued coefficients, and again we may not have a large 
enough value of M. 

On the other hand, with no decay at all, the p = 2 boundedness follows from Theorem 
11.11 So it seems reasonable to expect a range of p near 2 depending on q and M, when q ~ 2 
and M > is small, by some kind of interpolation procedure. We will obtain (see Section 
5) a general result in this direction, which gives, for this particular operator, the proposition 
below. 

Proposition 1.7. For a complex-valued coefficient matrix A, M v / _ diVj4v extends to a bounded 
operator on T v 2 ' x (t^ 1 dtdy) when \ < p < oo if n=\, | < p < oo if n = 2, | — e < p < oo if 
n = 3, 1 - e < p < oo if n = 4 and 2 — ^ — £ <p < ^2=^ + e' if n> 5. The e, e' > depend 
on the operator but the lower bound is at least . 

To do this interpolation procedure, we view the maximal regularity operator within a family 
of operators of the same nature. Thus, and this is the third point, it becomes interesting and 
convenient to develop an abstract formulation that is not restricted to the maximal regularity 
operator. We introduce, in the next section, a class of singular integral operators in the 
context of tent spaces. Sufficient conditions for their boundedness are given in Sections 3 
and 4. We remark that, in contrast to the usual LP theory for Calderon-Zygmund operators, 
no regularity of the kernel is necessary In a sense, despite the fact that tent spaces, for 
1 < p < oo, can be seen as subspaces of Hilbert-valued L p spaces ([H]), Calderon-Zygmund 
theory does not seem to be an appropriate machinery to study singular integral operators in 
this context. We depart from the usual treatment of maximal regularity through a singular 
integral operator acting on some Banach-valued functions. Here, we start from the "easy" 
Hilbert (L 2 ) space theory, and then move on to tent spaces, using the notion of L q — L r 
off-diagonal decay, which extends the notion of L 2 — L 2 off-diagonal decay defined above. 
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Remark 1.8. Our results can, nevertheless, be extended to the context of tent spaces of Banach 
space-valued functions (provided the Banach space X is UMD, and 1 < p < oo). This is done 
by adapting the arguments of [19] to take advantage of L q — L 2 (for q < 2, rcsp. L 2 — L q for 
q > 2), rather than L 2 — L 2 , off-diagonal estimates, in the same way it is done in this paper. 
However, the obvious adaptation does not seem to produce optimal relationships between 
p, q, M, and the geometry of X. We choose not to attempt to address this issue here. 



2. Singular integral operators 

2.1. Abstract setup. Consider a separable complex Hilbert space H . For j3 G M, set Hp = 
L 2 (R + ,t^dt; H) . Wc consider the following classes of operators SIO^ 1 C B(Ho)- 

Definition 2.1. (1) We say T G SIO + if T G B(Ho) and there exist a strongly measurable 
family of operators K(t,s) G B(H), t,s G K + and a constant C < oo such that 
\\K(t,s)\\ < Clt-s^ 1 and 

t 

(2.1) Tf(t) = J K(t,s)f(s)ds 

o 

for all / G Ho with bounded support in R + and almost all t G K + not in the support 
of/. 

(2) We say T € SIO~ if T e B{Ho) and there exist a strongly measurable family of 
operators K(t,s) € B(H), t,s € M+ and a constant C < oo such that H-K^i, s)\\ < 
C\t— s| _1 and T has the representation 

oo 

(2.2) Tf(t) = J K(t,s)f(s)ds 

i 

for all / € Ho with bounded support in R + and almost all t G K + not in the support 
of/. 

We remark that K(t, s) need only be defined on s < t for T G SIO + and on t < s for 
T G SIO~ and the value at t = s is irrelevant. With this precaution, we say that T G SIO ± 
is associated to the operator- valued kernel K(t, s) and that such kernels belong to the class 
SK^ 1 of singular kernels. 

Our terminology follows in part that of singular integrals (here with operator-valued ker- 
nels) but we assume a sign condition on s — t. 

Let us make a few remarks. 

The representation (|2.1[) of Tf above is a Bochner integral and the equality holds in H . It 
is clearly equivalent to 



(2.3) (Tf, g) = jj (K(t, s)f(s), g{t))dsdt 

s<t 

for /, g G Ho having bounded disjoint support. The inner product on the left is the canonical 
one in Ho, and on the right the canonical one in H. 

It is clear that T G SIO + if and only if T* G SIO~ , with associated kernel K(s, t)* . Hence, 
similar comments apply to (|2.2|) . 

The basic examples are of course A4l G SIO + and G SIO~ . For A4l the bound- 
edness on Ho is given by dc Simon's theorem. Then the formula (|2.3j) holds for all / G 
L 2 (R+, dt; D(L)) and all g G Ho with continuous kernel i^(i, s) = Le^^^ sS>L on s < £. If now, 
/, g have disjoints supports, one can argue by density of D(L) in H. For .M^, we simply use 

M- L = {M L ,y. 

There is a natural splitting of operators T G SIO + into an integral part plus a singular 
part. Let K be the associated kernel. Using that t— s ~ t when s < t/2 and Hardy inequality, 
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one has 

t t 

OO / 2 \ 2 00/2 \2 

2 



K(t,s)\\\\f(s)\\ds\ dt< J Ij J\\f(s)\\ds\ dt<\\fr Ho . 

' 0^0 ' 

Hence, the integral part of T is the operator defined for / £ Ho for almost all t > by the 
Bochner integral 

t 
i 

(T 2 f)(t) = J K(t,s)f(s)ds, 
o 

and T2 £ SIO + as well. The singular part is T\ :=T — T- 2 £ SIO + , and carries the singularity 
at s = t. Its associated kernel is K(t, s)l t /2< s <t- Note that, for the integral part, the integral 
representation is valid without restriction on / and t. 

00 

For T £ SIO~, one has the same splitting with T%f(t) = J K(t, s)f(s) ds as the integral 

it 

part, and Xi = T — T% as the singular part. 

Theorem 11.11 and its proof carry to this abstraction. 

Theorem 2.2. Let (3 £ (— 00, 1). Any operator in T £ SIO + extends to a bounded op- 
erator on Hp which is denoted by T as well. Furthermore, for any kernel K £ SK + and 

t 
2 

/ £ Hp. f \\K(t, s)||||/(s)|| ds is an element of L 2 (M. + ,t^dt), so that for almost all t > 0, 


t_ 

2 

J K(t, s)f(s) ds is a Bochner integral in H. If in particular, K is the kernel of T then this 


integral agrees with (T2 /)(£). 

The same statement holds for T £ SIO~ and —/3 £ (—00, 1). 

We include a quick argument. For a = (3/2 < 1/2, we have that 

\\K(t,s)\\\t«-s a \s- a \\s a f(s)\\ds) dt<\\ff UB 



using the Schur test and the bound on K. Hence, the integral operator / n- [t n> J K(t, s)(t a — 



s a )f(s) ds] is bounded from T~Lp to Ho- For / £ Hp with compact support in R + , it agrees 
with t a {Tf){t) - {T{s a f)){t). Since T £ B{H Q ), this readily gives the result by density. 
The second part follows from the weighted Hardy inequalities [22] when (3 < 1 

00 / I ^2 

*7(s)Ms) t fj dt<\\f\\l. 



The proof for SIO is left to the reader. 

2.2. Concrete situation. Now, in order to get tent space results, we specialise to H = 
L (W l ), and introduce subclasses. First recall that Hp can be identified with L 2 (R™ +1 , t f3 dtdy). 
Hence, we now write /(s) as / or /(s, •) if we want to specialise the s variable. Using that we 
have a spatial variable, we extend (|2.1[) as follows. 



Lemma 2.3. Let /3 < 1 and T £ SIO+ . Let E,F be two Borel sets of E" and I, J two 

t 

open intervals in M. + . Assume that f 1— > [(i, y) 1— > J \(K(t,s)f(s,-))(y)\ds] is bounded from 



the space of functions f £ L? (s^ dsdx) with support in I x E into L 2 (J x F, t^dtdy). Then the 

t 

representation Tf(t,y) = J(K(t, s)f(s, -))(y) ds holds for all such f with equality in L 2 (J x 



F^dtdy). 
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The corresponding statement holds for T £ SIO and —(3 < 1. 

Remark that this lemma is only needed for singular parts. For regular parts, the represen- 
tation is valid without support conditions. 

Proof. Both terms are defined in L 2 (J x F, t^dtdy) by assumption so that it suffices to prove 
the following claim: 

t 

(Tf,g)= ff ( f(K(t,s)f(s,-))(y)ds]g(t,y)dtdy 



JxF 

for all / G C§°(J; L 2 (E)) and g £ C£°( J; L 2 {F)). We implicitly extend f(s, •) by outside E 

and g{t, •) by outside F. Remark that, from the assumption, (s, i, y) H> (K(t, s)/(s, -))(y)g(i, y)l s <t 

is integrable with integral bounded by ||/||£2( s £d s dx)||fl l ||z, 2 («' 3 dtda)) nence J by Fubini's theorem, 
we only have to show 

(Tf, g)= ff {Kit, s)f(s, ■), g(t, •)) dsdt. 



s<t 

Choose orthonormal bases (ej) of L 2 (E) and (ek) of L 2 (F). By a limiting argument for each 
term, it is enough to assume that /(s, •) and g(t, •) take values in finite dimensional linear 
spans of the respective bases. Indeed, use boundedness of T in the left hand side and the 
intcgrability assumption in the right hand side. By linearity, it is enough to assume that 
/(s,-) = fj(s)ej and g(t,-) = gk(t)sk for scalar test functions fj,gk- In this case, there is 
a distribution Sj.k £ T>'(I x J) such that (Tf,g) = (Sj t k(t, s), fj(s)g~k(t)). It follows from 
(|2.3|) and decomposing on the orthonormal bases that (K(t,s)ek,£j) is the restriction to 
< s < t < oo, s € I, t £ J of Sj t k- Thus the desired equality holds for such /, g and we are 
done. 

We skip the similar proof for T £ SIO~ . □ 

t 

In applications, it suffices to show (absolute) convergence of the integral J K(t, s)f(s, ■) ds 

o 

in the norm L 2 (J x F, t^dtdy) to obtain an estimate of Tf in that norm, when / is supported 
in I x E. We shall use this when E and F are at positive distance and K(t, s) satisfies certain 
decay estimates. 

We thus introduce subclasses of SIO ± , where the size estimate ||if(i,s)|| < \t — s| _1 is 
complemented by the following time-space estimates. 

Definition 2.4. Let 1 < q < r < oo. An operator-valued kernel K = (K(t, s)) t . s >o C 
B(L 2 (M. n )) is said to satisfy L q — U decay of order M > 0, with homogeneity m £ N*, if, for 
all Borel sets E, F C R", all t ^ s, and all / £ L 2 (R n ) n L«(R™): 

«---•-*<*-♦> 



Here, and in what follows || • || 9 denotes the norm in L q (M. n ). 

Note that, in the proofs, one only needs this property for sets of the form E = B(x, r) and 
F = B(x, 2 k+1 r)\B(x 7 2 k r) (or vice versa). For this restricted property, L q — L r decay implies 
L q — U decay for q < q < r < r (by Holder's inequality), but the order of decay changes. See 
[6] for more on this issue. We do not, however, use this fact in this paper. 

We need only two specific cases: 1 < q < 2 and r = 2, and q = 2 and 2 < r < oo. In 
certain cases, the decay is actually exponential, so the polynomial decay defined above holds 
for all M > 0, in which case we say that the order is oo. In this paper, we are particularly 
interested in obtaining results under minimal values of polynomial decay 

Definition 2.5. Let 1 < q < oo and M £ M+ U {oo}. We say that T £ SIO* M if T £ SIO ± 
and the associated operator-valued kernel K (t, s) £ SK ± satisfies L q — L 2 (resp. L 2 — L q ) 
decay of order M, with homogeneity to, when q < 2 (resp. q > 2). 
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The value of m is dictated by the situation, and q and M are the most important parame- 
ters. Let us point out that all calculations work with m being any positive real number, rather 
than just integer. We mention this for potential development towards fractal situations where 
fractional homogeneity can occur. 

3. Role of L q - L 2 decay 

The range of p below 2 for which T p - 2 boundcdncss results hold can be quantified by L q — L 2 
decay Some technical conditions are also required. In particular the order M should not be 
too small. 



Theorem 3.1. Let T e SIO^ qM with 1 < q < 2, M > ^ and let p M < 1 be defined by 
AI = (^r — 1)- Let q' be the dual exponent to q and (3 < 1. 

(1) If q' < m ^L^ or equivalently ^ > — + — |) then T extends to a bounded 
operator on TP- 2 < m (tPdtdy) when 2 > p > p c , where 



(n _ 






■0) 


\2m 


m 







4n 

v = i U LJ. = > I 

n n (l i\ , 1-0 2n + m(l - /3W ~ 

2m m \q %J 2 

(2) If q' > m (i" or equivalently — + ~ |) > 2m ^ en T extends to a bounded 
operator on T p ' 2 ' m (t@dtdy) when 2 > p > sup(pM ,p c ), where 

_ 2n 
Pc = f+m(l-P) < 1 • 

Let us say a word on the exponents p c ,Pc- In the first case, p c > 1. In the second case, 
p c < 1. It is consistent as 

n f3 — 1 n (1 1 

Pc = Pc Pc = 1 <^ Pc = 1 7T- = 7T- + — [ - - o 

2m 2 m\q 2 

When q is small, we thus get results for p below 1 provided M is not too small (e.g. in the 
case of exponential decay) . 

As a function of q, the exponents p c ,Pc are increasing. When q = 2, p c = n+ m(i-p) wruc h 
is the exponent found in Theorem 11.31 Remark that we improve over the lower bound: 
M> ^ suffices here instead of M > when p < 2. 

In [Sj, Theorem ll.3l was proved using comparison of tent space norms under change of aper- 
tures, i.e. B(x,t™) changed to B(x,ct™) for c > 1. The sharp behavior of these comparisons 
was obtained in [2] using atomic decompositions and interpolation. It is thus natural to use 
atoms here as well to prove our results. Furthermore, it simplifies the proofs greatly. 

Recall that for < p < 1, the tent space T p ' 2 has an atomic decomposition [13]: A T p ' 2 
atom is a function a(t,y) supported^ in a region (0, r] x B where B is a (closed) ball on M" 

T 

of radius r, satisfying J J \a(t, y)\ 2 ^j^- < r - ™'-? -1 ''. Any T p ' 2 function g can be represented 
b o 

as a series g = ^XjOj where aj is a T p ' 2 atom and ~ HsHt^ 2- Here the series 

converges in the tent space quasi- norm, and, in particular, in L^ oc (R" +1 ). Translating this 
to our setting, T p ' 2 * m {tP dtdy) atoms are functions A(t,y) with support in (0,r m ] x B, where 

B is a (closed) ball in M. n of radius r, satisfying J J \A(t,y)\ 2 t^dtdy < r""^?" 1 ^, and the 

B 

decomposition theorem holds in T p ' 2 ' m (t^dtdy). Remark that atoms are also special elements 
of L 2 (Rl +1 ,t l3 dtdy) = T 2 ^ m {t p dtdy) which is helpful for representation purposes of SIO ± 
operators acting on them. 



lr The support is a relatively closed subset of ] 



,71+1 
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Remark 3.2. Recall that the map j : TP' 2 ' m (t^dtdy) -> TP' 2 ' 1 (t' 1 dtdy) dchncd by j(f)(t,y) = 
V'mt^/lr,!/) is an isometry; it also sends TP' 2 ' m (t dtdy) atoms to T^- 2 ' 1 (i" 1 dtdy) 



Lemma 3.3. Let p < 1 and T a linear operator bounded on T 2 ' 2,m {t^ dtdy) . Then T has a 
bounded extension from TP' 2 ' m (t^dtdy) n T 2 ' 2 ' m (t fi 'dtdy) to TP^ m (t 13 dtdy) if it is uniformly 
bounded on TP' 2 ' m {t p dtdy) atoms. 

Proof. Adapt to p < 1 the argument in Step 3 of the proof of Theorem 4.9 in [7] done for 
T p ' 2,1 (t~ 1 dtdy) (without loss of generality, one can take m = 1, and (3 = — 1 by Remark 1 3. 2j) . 
This argument also furnishes the extension procedure. □ 

Theorem 13 . 1 1 follows immediately from the two lemmas below applied to the decomposition 
of T <E SIO^ M into its singular part T\ plus its integral part T 2 . Recall that M > ^ . 

Lemma 3.4. The operator T\ extends to T p ' 2,m (t^dtdy) for p > pm- 
Lemma 3.5. The statement of Theorem \3. 1\ holds for T2. 

Proof of Lemma \3.4\ By interpolation (see [13] for the case m = 1, j3 = — 1, and apply 
Remark 13.21 to deduce the general case) it suffices to consider pu < p < 1. By Lemma 13. 3[ it 
is enough to show that T X A g TP' 2 ' m (t p dtdy) if A is a TP' 2 m (tP dtdy) atom, with a uniform 
bound. Since the proofs are scale invariant, we assume that A is supported in (0, 1] x B(0, 1). 
Then we remark that if t > 2, T 2 A(t, ■) = TA(t, ■) because of the definition of T 2 and the 
support of A. Hence (TxA)(t, ■) = for t > 2. We let f 3 (t, y) = {T x A){t, y) if V < \y\ < 2^ +1 , 
elsewhere, and fa(t,y) = (TiA)(t,y) if \y\ < 2, elsewhere. We show that fj = ^jAj with 
A } a TP' 2 > m (tPdtdy) atom and £ \Xj\P < 1. 

For j = 0, this follows from the boundedness of T\ on T 2 ' 2 ' m (t^dtdy) as (3 < 1. For j > 1, 
we argue as follows: 



atoms. 








2 





2i<\y\<2i+ 1 




2J<M<2J + 1 I 



2 




2i<\y\<2i+ 1 I 



2 t 




2 



2 s 




1 








We used Cauchy-Schwarz inequality in the fourth line and t 2e tz f* (t — s) 2e 1 ds when e > 0. 

2 

In the next to last line, we impose e < M — ~(- ~ 5), which is possible as M > ^7 and 
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q > 1. The estimate \\A(s, .)|L < \\A(s, .)||2 uses the fact that A(s, •) is supported in B(0, 1). 

As 7 = 2mM — — 1) > 0, we thus get the desired estimate with Xj = C2~ J7 ' 2 . We also 

remark that we implicitly used Lcmma l2.3l which is possible since the last four lines yield the 

t 

required estimate to write T\A(t, y) = J (K(t, s)A(s, -))(y) ds on the support of fj. □ 



Proof of Lemma \3.5\ We imbed T 2 into an analytic family of integral operators J a defined 
for a G C by 



J a f(t,y)= f (J)" (K(t,s)f(s,-))(y)ds. 





Observe that 



\J a f(t,y)\ 2 t p dtdy = 



7) 2 (tK(t,s)(s^f(s,.)))(y)- 
t I s 



2 dtdy 
t 



An application of Schur's lemma, using that t ~ t—s and the uniform boundedness of tK(t, s), 
shows that, provided 5fte a — > 0, the last integral is bounded by 

cUea-^j JJ \ S ^f(s,x)\ 2 ^=c(vtea-^-^) J J \f(s,x)f s^dsdx. 



1+1 



Hence, J a is well-defined for ^tea > and bounded on T 2 ' 2 - m (tP dtdy) for all m. Notice 
that (3 < 1 implies that this domain contains a = and Jq = T2. 

Now we let A be a T v,2 ' m (t^ dtdy) atom and estimate J a A. Since the proof below is scale 
invariant, we assume that A is supported in (0, 1] x B(0, 1). We let 

{(J a A)(t, y) if V < \y\ < 2^ +1 and t < 2 jm , 
{J a A){t, y) if \y\ < V+ 1 and 2? m < t < 2^ m , 
otherwise, 

for j ^ and f (t,y) = (J a A)(t,y) if \y\ < 2 and t < 2 rn , elsewhere, so that J a A = 

fo + fi + ... 

By the boundedness property of J a , we get 

2 m 1 

\f Q (t, y)\ 2 t fj dtdy < cUtea- / / \A{s,x)\ 2 s dsdx < cUtea - ^y^j ■ 

B(0,2) B(0,1) 

Next, 

\f j (t,y)\ 2 t?dtdy = J J \fj{t,v)\ 2 lPdtdv 

5(0,23 + !) 2i<\y\<2i+ 1 

2 0+l)m 

{f^y^dtdy. 



\y\<2i + 1 2J™ 

Call /j and Jj the square roots of the first and second integrals. For Ij, we split the integral 
in s defining J a A{t, y) as 

2~ k t 



£ J (|) (K(t,s)A(s,.))(y)ds 
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so that by Minkowski inequality Ij < X)fe>i Ij k with 



T 2 - 
1 j,k - 



- ) (K(t,s)A(s,-))(y)ds 



2 

t p dtdy. 



2 i <|y| <2J + 1 2- k ~ 1 t 

Using Cauchy-Schwarz inequality in the s integral and then the L q — L 2 decay with t ~ t — s, 
we get 

r /• /,\ 2Set> 1 / OJ' m \-2M 

Ih<j2-H j (-) ^1^(1 + —) \\A{s,W qd s^t 

2- k - 1 t 

2 jm 2~ k t 

<2~V™ M J 2-H J 2- 2k ^« -—A^-— \\A(s,-)\\ldatPdt 

2- k - 1 t 

< 2 -2imM 2 fe(-2SRea+^-l) j \\ A ( S , -)\\ 2 {2 k S ) 2M ~^-^ ds. 



Recall that the support condition on A forces s < 1. Also M > Tp- > —(- — h). Using also 

1 r — 2m — m V q 2> & 

the size requirement on A we obtain 

j2 < 2~ 2 i mM 2 k (~ 2 ^ ea+ P~ 1 ^2 in ^ k 'i m ^ 2M ~^^~^ 

j.k 

Hence, £ fc>1 I jM is controlled by 2-J minf ( M Xa,9)) with v(a,q) = 5ie a - + £(| - §) if 

M 7^ u(a, g) and by jm2~^ nM if ill = u(a, 9). 

Next, for the second integral, we remark that the support of A forces s < 1 while t ~ 
2 jm > 2. Hence 

2 W+l)m j 

' s 



J 2 < 
• J J - 



2Sfe a-(p-l) 



2 dsdt 



s t 



\y\<2i 2J' m 



< 

23"> 



2«ea-((8-l) ,2 



i ,, £±i . , ds dt 



\\s^A(s,-)\ 



t) " V ' S t 

< 2 -j(2(Rea-^)+^(i-|))m = 2 -2jm«(o,g) _ 



We used Holder's inequality, the size requirement on A, and also s 2SReQ (0 x ) < 1. In all 

2 u+i)m i 

| l/^t, i/)|Vdidy) 2 < (1 + J - m )2-i« i - f (^(°.fl)). 

We now start the discussion. Case (2) corresponds to v(0, q) > j 2 -. The exponent p c is such 
that v(0,g) = - 1). By Lemma[331 Jo extends to a bounded map on TP' 2 ' m (t dtdy) 

for any p < 1 with ^-(| — 1)> inf (Af, u(0, g)), which means 1 > p > sup(pMiPc)- By 
interpolation with the p — 2 result, Jo extends to a bounded map on T p ' 2,m (t"dtdy) for 
sup(pAf,Pc) < P < 2. 

Case (1) corresponds to v(0, q) < y~. Let a\ > be such that u(ai,g) = As in the 
preceding case, for any a with Sftea > cki, Jq, extends to a bounded map on T l ' 2 ' m (t^ 'dbdy) 
and by checking the proof above, the bound does not depend on a. By the p = 2 
case, if a 2 = V" < °> thcn for 

any a with -Re a > 02 , ,7a extends to a bounded map on 
T 2 ' 2 ' m (t^dtdy) and the bound does not depend on 5m a. Hence, by Stein's interpolation 
theorem for analytic families extended to tent spaces (see [T5] for its extension to the tent 
spaces T v - 2 with p > 1), Jo extends to a bounded map on T p ' 2 ' m (t^dtdy) for p c < p < 2 and 
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p c is the exponent with = j + when = Qot\ + (1 — 9)a 2 . A calculation yields the 
explicit formula of the statement. □ 

Remark 3.6. Note that the most restrictive conditions on p come from the tail operator T 2 , 
not the singular one T\, which is contrary to usual feeling for singular integral operators. This 
can be understood by noticing that this tail operator contains the terms where s is close to 
0, and some decay is required to control the tent space norms near this boundary. 

We next give a result for operators in SIO^ M when q < 2 . 

Proposition 3.7. Let (3 > — 1, m £ W, T e SIO m q M with 1 < q < 2 and M > 
Let phi < 1 be such that M = 2m ( PM 2 _i )■ Then T extends to a bounded operator on 
TP-^ m (t p dtdx) forpM <p<2. 

Proof. By interpolation, it suffices to treat the case pm < P < 1- Take such a p. Let A be a 
T p ' 2 ' m {t^dtdy) atom, i.e. a function supported in some (0,r m ] x B(xo,r), and satisfying 

\A(s,x)\ 2 s dsdx < r-^l-V. 



For j e N, let B, = (0, (2^r) m ] x B(x ,2 j r) C and Cj = Bj\Bj-i (with B_i = 0). For 

k,j € N, and (k,j) ^ (0,0) we let 



T kJ A(t,v) = l Cj (t,y) J {K(t,s)A(s,-))(y)ds 

and 

(T 0t0 A)(t,y) = l Bo (t,y)(T 1 A)(t,y) 

where T\ is the singular part of T. 

We claim that, for a sequence Xk.j > 0, which is independent of A and satisfies Y^hj=o < 
oo, we have 



\T k ,A{t^)\hPdtdy<{Vr)- n ^\ 2 



so AfcjTfcjA is a TP> 2 ' m (t^dtdy) atom. Note that £k>i,j>o T fcj A = T 2 A. Using Lemma 
posteriori, we have TiA = J2 3 >o To,jA. Hence J2k>o,j>o T~k,jA = TA and thus \\TA\\ TP ,2, m ( tl 3 dtdy ) < 
J3fcj=o ^fej - By Lemma 13.31 we are then able to conclude the proof. It remains to prove the 
claim. 

The proof is scale and translation invariant so we assume that xo = and r = 1. For j > 1, 
we have 

2 fc+1 t 

|T fcJ A(t,y)|Vd*dtf< //(2 fe t) 2£ / (*- 1) 1 " 36 OJd/Jl'dfl^didy. 



Here we have used the Cauchy-Schwarz inequality as in the proof of Lemma 13.41 and the 
parameter e > will be determined later. Write Cj = (O^O'" 1 )™] x [B(0, 2^)\B(0, 2^~ 1 )] U 
[ 2 a-i)m )2 jmj x 5(0,2^') =: Cf ] U Cf If (t,y) € Cf\ then t > 2^" 1 ) m > 1, and if s > 
2 k t > 1, then A(s, •) = 0. Thus, we can replace Cj by Cj in the above multiple integral 
and impose t < 1. Then we can apply the - L 2 decay with F = B(0, 2 j )\B(0, 2 j ~ 1 ) and 
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E = -8(0, 1) to continue estimating as follows 

2 fc t V 7 

«/<*>*■ / ' 8t) . i ,a^)-»'i^-)i!^* 

2 fc i 

= 2 2k, f f t 0+2e n , 2im w2M 



2- fc -!; 

We take eg (0,M — — ^)) so that the integral with respect to t converges. Indeed, 
M > tP~ > —(- — h) and the calculation continues as follows: 

2m — m V a 2 ' 



l 

s 2 2fee 2 -fc(^+2e) 2 -2Mm J - 2 -fe /" ^-£(1- i)-^\\ A ( S , -)\\\ S 0+2 'd S 



1 

< 2 -fc(/3+l) 2 -2M mi f j| A ( Sj .)||2 s /3 ds 

< 2~^" 1) X 2 J 

with A fej ~ 2^(f- 1 )- Mm ^2-t(^+i), and we used M > ^ > - §). 

If j = and fc > 1, we do not use the decay but rather the fact that (t — s)K(t,s) is 
uniformly bounded on L 2 (M. n ). Then we can repeat the above calculation literally taking 
q = 2 and M = 0. 

If = and j = 0, using the boundedness of T\ since j3 > — 1, 

2 m 1 

\{T afi A){t lV )\ 2 t' 3 dtdy < C J J \A{s,x)\ 2 s' 3 dsdx. 

B(0,2) S(0,1) 

We conclude that A fc <3£ 2 ( ^ ( f- 1) - Mm)j '2-4( /3+1 ) is summablc for > -1 and M > ^-f 2 - - 

1). □ 



4. Role of L' 2 - L q decay 

When q > 2, L 2 — L q decay can be used to quantify T p ' 2 results for p above 2. Clearly the 
adjoint class to SIO^ M is SIO^ q , M with respect to the inner product 



(f,9) = J J f(t,y)g(t,y)dtdy. 

It is easy to deduce from [T31 Section 5] that for p e (l,oo),m e N* and (5 e R, we have 
[TP' 2 ' m (t^dtdy)]' = TP'> 2 > m (t-Pdtdy), with duality given by (f,g), i.e. 

\\f\\TP.2,™(tf>dtdy) ~ sup |(/,.9>|- 

ll9ll T p',2. m(t -,S dtdy) < 1 
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Thus, we obtain results for 2 < p < oo by dualizing Theorem 13.11 and Proposition 13.71 in 
%, 9 ,m with 2 < g < oo and M > ^. 



the classes SIO^ Ar with 2 < q < oo and M > In addition, the results for p = oo also 



hold. 

Theorem 4.1. Let T G SIO m q M with 2 < q < oo and M > Let > -1. 

(1) If q < m (i" or equivalently ^ > + — |) iAen T extends to a bounded 

operator on TP^ m {t p dtdy) when 2 < p < p' c , where 



An 



o / n nil 1 

^2m m I 2 g 

_« «_ f I _ A _i_ W< 2n + m(l - 

2m m V 2 9/ 2 



Pc 

^ If q > m (i" ff) or equivalently —^^ m(l ~ f) ^ 2m ^ extends to a bounded 
operator on TP- 2 < m (tPdtdy) when 2 < J5 < OO. 

Proposition 4.2. Le£ T G SIO+ q M with 2 < q < oo and M > For all /3 < I, T 

extends to a bounded operator on T p ' 2 ' m (t^dtdy) for 2 < p < oo. 

It is enough to prove the result for p = oo. The extension is done by taking / G 
T°°' 2 ' m (t^dtdy), truncating / on (0,fc m ) x 5(0, ft) and letting k go to infinity. 



Proof of Proposition \4~J^ This is very similar to [8]. Pick a point Xo G K™ and r > 0. Let the 
sets Bj and Cj be defined as in the proof of Proposition 13. 71 Set 

I 2 = J J ' \(Tf)(t,y)\Wdtdy. 

B(x ,r) 

We want to show that I 2 < ^ n ||/|lT«,,2,m( t /3 dtdj/ v We set 



r 

If= J J \(Tf 3 )(t iy )\ 2 ^dtdy 



B(x ,r) 

where fj(s, x) = f(s, x)lcj (s, x)l( r m] (s) for j > 0. Thus by Minkowski inequality, 7 < ^ ij. 
Since the proofs are scale and translation invariant, we assume xq = and r = 1 for simplicity. 
For Jo w e use again Theorem 12.21 which implies 

2 m 

I 2 o< J J \f{s,x)\ 2 S ?dsdx < \\f\\ 2 Toa , 2 , m{t , dtdv) . 

B(0,2) 

Next, for j ^ 0, we proceed as in the proof of Proposition l3~7l bv representing Tfj(t, y) through 
a kernel (which is justified by the calculation below and Lcmma l2.3l for the singular part) but 
using this time I? — L q decay (after using Holder inequality for the integral with respect to 
y on B(0, 2)) to obtain 

1 2' k t 

°° f f 0~ k t / 9J m \ -2M 

i] < £/ / r y^ i + M IWOII^* 



fe=l 
1 t 



o 2- k - 1 t 



\t-s 



Exchanging the order of integration, and using the fact that t ~ t — s in the first part and 
that t ~ s in the second, and M > ^(| — i) + e for small enough e, and /3 < 1, we have the 
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following. 



2 -k 2 k + 1 s 
oo re 

If < J2 2 ~ k2 ~ 2jmM I I * /, " 1+2W "™ { '"« ) ||/ J -(*,.)lll*d» 

k=l 



2 k s 



i 4$ 

{ { fP+' 2 ^ / 23™ \ -2M 



s 



< 



< 



j^ 2 -k 2 -2 jmM J { 2*sY\\f j {s,.)\\lds + 2-V™ M j \\fj{s,.)\\l^ds 

fc=1 

2 -2jmM f \\f^ a ,.)\\la p da. 



We thus have 



j2 < 2- 2 J' m - M 2- y ™||/|| 2 



and the condition M > ^ allows us to sum these estimates. □ 

2rn 

Proof of Theorem \4- 1\ The proof is almost entirely similar to the above one. Set Ij as in the 
proof of Proposition 13.71 Jo is estimated as before. When j > 1, the inner term in Ij can be 
expressed using the kernel representation from t to +oo, which is split into Ij ^ on the dyadic 
intervals {2 k t, 2 k+1 t) for k e N, using Minkowski inequality. The k = term is estimated as 
was the term corresponding to (t/2,t). For k > 1, the fcth term is controlled by 

1 2 k+1 t 

2 k t / 2 J ' TO \ ~ 2M 



^=1^(1 + ^)" ll/,(.,)H2*f*. 



2 fc t 

Exchanging order, we obtain the bound 



Note that the support of fj forces s < 2^ +1 ' m in the integral, which is bounded by C2^ n . 
The series for Ij ^ is summablc in k under the condition in the statement and summablc in j 
ifM>^-. □ 

5. Maximal regularity operators 

Let us come back to our original motivation which is to bound maximal regularity operators 
on tent spaces. 

Definition 5.1. Let 1 < q < r < oo. A family of bounded linear operators (T t ) t> o C 
B(L 2 (W")) is said to satisfy L q — U off-diagonal estimates of order M, with homogeneity to, 
if, for all Borcl sets E,F C R™, all t > 0, and all / G L 2 (R n ) n L«(R ra ): 

,„ ^ ™ f 1 1 1 / dist(E,F) m \- M „ 

||lfT t W|| r < r ml.-?) (l + LJ j j ||1 B /|| 9 . 

With this definition we have the following simple fact. 

Proposition 5.2. let 1 < q <2 (resp. 2 < q < oo ) and assume that (tLe~ tL )t>o satisfies 
L q — L 2 (resp. L 2 — L q ) off-diagonal estimates (of order M), with homogeneity to. Then 
Ml G SIO+ tqM and Ml, G SIO mq , M . 



16 



PASCAL AUSCHER, CHRISTOPH KRIEGLER, SYLVIE MONNIAUX, PIERRE PORTAL 



Indeed, the operator-valued kernel Le _ ' t_s ' L has L q — L 2 (resp. I? — L q ) decay (of order 
M), with homogeneity to so that it suffices to apply Definition 12.51 
To illustrate our results so far, let us prove Proposition II .51 

Proof of Proposition \1.5[ Let L = — A + V or — divAV with real coefficients. Then, the 
kernel of the semigroup (e _ti ) t >o satisfies pointwise Gaussian estimate (see e.g. |24| Theorem 
6.10]), hence L 1 — L 2 and L 2 — L°° off-diagonal estimates with homogeneity to = 2 of order 
co. Therefore we have that Ml £ SIO^i oo H SIO2 ^ We now apply the second case of 
Theorem 13.11 and Proposition 14.21 with j3 = to conclude that T p ' 2 ' m (dtdy) boundedness of 
M L holds for 00 > p > p c — ■ 

Using the subordination formula, the Poisson semigroup associated with y/~L satisfies L 1 — 
L 2 and L 2 — L°° off-diagonal estimates with homogeneity to = 1 and order § + 1. Thus 
£ SIO^„ +1 n Sro^ ^j. From M = § + 1 and m = 1, we have p M = As 

/3 = —1, to = 1 and q = 1, ^ < — + 7^; ~ 5 J = 1 + f and we are in the second case 
of Theorem 13. II Applying this result and Proposition 14.21 we conclude that T p ' 2 ' m (t~ x dtdy) 
boundedness of -M.^ holds for 00 > p > sup(pA/,p c ) = ^tt- □ 

As explained in the introduction, applications of our results require M to be sufficiently 
large, namely M > whatever the value of q. Of course, with exponential decay, this is not 
a problem. Semigroups generated by elliptic operators of even order to > 2 have, in general, 
such an exponential off-diagonal decay. However, in the case of Poisson type semigroups, 
small polynomial decay is to be expected. This application suggests that the lower bound on 
M should be kept as low as possible. Looking at the proof of Lemma 13.41 there seems to be 
unavoidable restrictions if we are only given M without further information. However, the 
decay of the semigroup is usually computed from the decay of the resolvent and integration 
on a contour. This is the point of view we shall take. 

We consider the following conditions on resolvent estimates for fixed 1 < q < r < 00. 

1) There exists a bisectorial operator L of angle u £ [0, f) having a bounded H°° functional 

calculus on L 2 (R n ) such that L = \L\(= VT 2 = VZ 2 ), and for any K £N and lu < v < 7r/2, 
(HI) HM1 - zL)~H E f\\ r < c{K,v)\z\-^-^(l + dlSt[E VA F)m y K \\l E f\\ q . 

for all / G L 2 (W l ) n L 9 (R n ), E, F Borcl subsets of IT, z = e ±l6 t, t > and \6 - f | < f - v. 

2) The operator L 2 is sectorial in L 2 (R n ) of angle 2uj < tt and for any K £ N and 

LU < V < 7T/2, 

(H2) ||1 F (1 - zL 2 )-H E f\\ r < c(K, u)\z\-M-& (l + diSt{E ' F)2m y K \\l E f\U 

for all / G L 2 (R n ) n L q (W l ), E, F Borel subsets of R" , z = e ±l9 t, t > and 2v < 6 < tt. 

Operators of Dirac type satisfying (|H1[) with to — 1 appear in pTJ Proposition 5.2]. Sec 
also and Q3]. 

(HI) and (H2) are closely related and, in fact, (HI) implies (H2). Indeed, it follows from 
the resolvent formula 

(l-* i L*)- l = ±(l-zL)- 1 + ±(l + zLr 1 

for z as in (HI). Remark that, in (H2), 2w may be greater than or equal to ir/2, in which 
case —L 2 may not generate a semigroup. 

Proposition 5.3. Let L be a sectorial operator of angle lo < ir/2 with an H°° functional 
calculus on L 2 (R"). Assume that (|H1|) or (|H2[) is satisfied and fix lo < v < ir/2. Then for 
any < e < R < 00 and any a £ C with -Rea G [e,i£], |j lF{tL) a e~ tL lEf\\ r has bound 



SINGULAR INTEGRAL OPERATORS ON TENT SPACES 



17 



A result in this spirit is in |16| for q = r = 2. 
Proof. It is enough to assume (H2). In this case, fix w < v' < < v, and let 

<MA) = (t\^) a e~ txi 

which is holomorphic and bounded for | arg A | < 7r — 2v' . The Cauchy integral formula for 
sectorial operators implies that 

{tLTe-^ = l-Jum-^ l L 2 )- ld ^ 
v 

holds with T the oriented contour {| s | e 4si s n ( s ) 2e : s g R}. We write eg = 3?e (e l9 ) = cos6> > 0. 
Fix / with ||l£/||q = 1. In the following, we write a = 8ea, d = dist(E,F), 7 = ^(i — i). 
Then (fH2|) gives us 

00 

/l rl 
t a s ^ e 6^ mi x e -c e ts^ s l^ 1 + d 2m s yK_ 



oo 

= c(K, v ) e ^ ma \ J t a s a s' l e- c <> ts (l + d 2m s 2 )- K ^ 


d 2m s 2 Kds 







•s 



1 + — J 



provided 2A' > A+7. We used the fact that 1 < 2(1 + x) 1 when a; < 1, and x~ x < 2(1 + x) 1 
when a; > 1. The parameter e > is only needed when q = r. □ 

It is clear that similar results hold for fractional powers of sectorial operators. We shall 
not get into this here. Note also that an exponential decay in the resolvent estimates would 
not yield a better conclusion in general. 

Definition 5.4. Let I be a sectorial operator of type u < it/2 and having a bounded holo- 
morphic functional calculus on a Hilbcrt space H. For 5Rea > 0, we define the operator M a 
acting on L 2 (R + ,dt; D(L a )) by 

/ 



M a f(t) = J(t - sT^^e^-^fis) ds. 



Clearly Mi = Ml- 



Proposition 5.5. Let a <G {z <G C ; a < Sftez < b} for some a,b € K.+ . Then M a extends 
boundedly to L 2 (R + , dt; H) , with a bound not exceeding ce y ' SrriQ ' for any lu < v < tt/2, and 
some constant c dependent on a, b. 

Proof. Using operational calculus as in [3] , which is possible since L has bounded holomorphic 
functional calculus on H, it is enough to prove the same thing for L = zl on L 2 (M. + ,dt;C) 
for I arg z I < v. In this case, we use Schur's lemma for the complex- valued kernel (t — 
s) a - 1 z a e- {t - s)z l s<t . For w = 5Rez, \z\ < hence 

t 

\{t-s) a - 1 z a e- [t - s)z \ds< -rr— / {(t-sf^-'w^^e-^-^lds 



F(sRea)e l/ l SmQ l 



< 
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and 



00 



\(t-s) a ~ 1 z a e~^ t - s '> z \dt < -r- ^— / \(t- sf ea - 1 w Meoc e-^- s >\dt 



< 



r(5iea)e l 'l SmQ l 



(cos^) ffiea ' 

with r being the Euler Gamma function. □ 

Corollary 5.6. Let H = L 2 (M"). // 1 < q < 00 and (H2) holds for (q, 2) if q < 2 or (2, q) if 
q > 2 then M a e SIO+ n q Mq with M q = 1tea+ %\\-\\. 

Observe that the order of decay becomes a function of q, hence the notation M q . M q 
increases as q moves away from 2: this is the interesting point for us. As mentioned in the 
introduction, M2 = 1 is best possible for the Poisson semigroup of —A. so it seems one cannot 
improve this conclusion. 

Proof. The fact that M a £ SIO + is contained in Proposition 15.51 The decay of the kernel 
(t — s) a ~ 1 L a e~( t ~ s * >L with s < t is clear from Proposition 15. 31 □ 

Corollary 5.7. Let H = L 2 {W l ). 

A] Assume (H2) holds for (g, 2) with q < 2. Then Ml extends to a bounded operator on 
T^ m {t p dtdy) for PL < V < 2 with pl calculated as follows: 

(1) //^7<1 and/3<-l,p L =p Mq - 

(2) If < 1 and -1< p < I, p L = inf(p c ,p c ). 

(3) If^ 7 >l then — i = 2*1 ( ™i - I). 

1 ' J mq' — pl 2 n Mnf(p c ,l) 2 ' 

5/ Assume ('-ff.Sj holds for (2,q) with q > 2. Tnen .M l extends to a bounded operator on 
T p ' 2 ' m (t^dtdy) for 2 < p < pl with pl = if mq < n and /or 2 < p < oo if mq > n. 

Note that the result for p > 2 does not depend on /3. The exponents PM q , p c , Pc are 
explicitely defined in Theorem 13. II The last two depend on (3. 

Proof. A] The condition ^ < 1 is equivalent to M q = 1 + ^(i - 5) > 5^. Cases (1) and 
(2) thus follow from Theorem 13. II In the third case, Theorem 13 . 1 1 does not apply to Ml but 
to M a for any a with SRea > «i and ai + — ^) = ^ which implies that M a is bounded 
for inf (p c , 1) < p < 2. At the same time, M a is bounded for p = 2 when 5Re a > 0. The third 
case follows by complex interpolation for the analytic family M a (since the growth in Qm a 
is admissible) in tent spaces. 

B] The condition mq > n means M q = 1+ ^(| — |)> So we apply Proposition 
14.21 to Ml- If mq < n, then we apply this result not to Ml but to M a for Sftea > ai and 
Q'i + ^-(i — i) = and the p = 2 result for Jfea > and conclude by interpolation for 
analytic families again. □ 

Proof of Provositions \1.6\ and \1.7\ Write L = — divAV. We have that (e _ti )t>o satisfies 
pointwise Gaussian estimates if n = 1, 2. Hence the conclusion of the first part of Proposition 
11.51 applies. For n > 3, let 1 < P-{L) < p+{L) < 00 be the numbers introduced in [I] such 
that for p~(L) < q < r < p+(L), (e~ tL )t>o satisfies L q — L r off-diagonal estimates with 
homogeneity m = 2. As the decay is Gaussian, the order is 00. Moreover, p~(L) < ^rg, 
p+(L) > an di by Q7], this is sharp for this class of complex operators. Taking q < 
we use the second item in Corollary 15.71 A] when n = 3,4 and the third one when n > 5 to 
get the lower bound on p. For the upper bound p = 00 included, we use B]. 

Now for the semigroup associated to \[~L. When n = 1 or 2, we have the pointwise 
Poisson kernel estimate, hence L 1 — L 2 and L 2 — L°° off-diagonal estimates with order § + 1 
and homogeneity m = 1. Hence the conclusion of the second part in Proposition [T3] applies 
since m = 1 and (3 = — 1. For n > 3, with the same numbers p^(L) 1 p + (L) as above, the 
resolvent estimate (H2) holds with m = 1 and p-{L) < q < r < p+{L). Taking q < ^p-j, we 
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use the first item in Corollary 15.71 A] when n — 3,4 and the third one when n > 5 to get 
the lower bound on p. For the upper bound, we use B] with q > and find oo included if 
n = 3,4, and the proposed value if n > 5. □ 

Corollary 5.8. Let H = L 2 (R n ). 

A] Assume (H2) holds for (2,q) with 2 < q. Then M.~l extends to a bounded operator on 
T p ' 2 ' m (t" dtdy) for 2 < p < pl with pl calculated as follows: 

(1) If ^ < 1 and (3 > \, pl = oo (and boundedness holds at oo). 

(2) If ^ < 1 and — 1 < /3 < 1, Pl = oo (and boundedness holds at p — oo) if p c < 1 and 

PL =p' c ifPc > 1. 

(3) lfJ±. > l then -L- i = ^(-i) = -f 2 . 

5/ Assume f-ff^j ZioZds for (q, 2) wit/i q <2. Then extends to a bounded operator on 

TP> 2 > m {tPdtdy) for p L <p<2 with p L = -^^r if raq' < n and p L = p Mq if mq' > n. 

This time, this follows from Proposition 13 . 71 and Theorem 14.11 where one finds the value of 
Pc using the operators 

oo 

M~f(t) = J (a- tr^L^r^-^fis) ds 

and the interpolation procedure of Corollary 15.71 Details are left to the reader. 
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